
Decibels are used only to represent power ratios, but if P1 V 2
1
R1 and P2 V 2

2
R2,

then the resulting power ratio in terms of voltage ratios is
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where R1 R2 are the load resistances and V1 V2 are the voltages appearing across these loads.

If the load resistances are equal, then this formula simplifies to

20 log
V1

V2
dB

The ratio of voltages across equal load resistances can also be expressed in terms of nepers

(Np) as

ln
V1

V2
Np

The corresponding expression in terms of powers is

1

2
ln
P1

P2
Np

since voltage is proportional to the square root of power. Transmission line attenuation is some-

times expressed in nepers. Since 1 Np corresponds to a power ratio of e2, the conversion between

nepers and decibels is

1 Np 10 log e2 8 686 dB

Absolute power can also be expressed in decibel notation if a reference power level is

assumed. If we let P2 1 mW, then the power P1 can be expressed in dBm as

10 log
P1

1 mW
dBm

Thus a power of 1 mW is equivalent to 0 dBm, while a power of 1 W is equivalent to 30 dBm,

and so on.

The Smith chart, shown in Figure 2.10, is a graphical aid that can be very useful for solving

transmission line problems. Although there are a number of other impedance and reflec-

tion coefficient charts that can be used for such problems [3], the Smith chart is probably

the best known and most widely used. It was developed in 1939 by P. Smith at the Bell

Telephone Laboratories [4]. The reader might feel that, in this day of personal computers

and computer-aided design (CAD) tools, graphical solutions have no place in modern engi-

neering. The Smith chart, however, is more than just a graphical technique. Besides being

an integral part of much of the current CAD software and test equipment for microwave

design, the Smith chart provides a useful way of visualizing transmission line phenomenon

without the need for detailed numerical calculations. A microwave engineer can develop

a good intuition about transmission line and impedance-matching problems by learning to

think in terms of the Smith chart.

At first glance the Smith chart may seem intimidating, but the key to its understanding

is to realize that it is based on a polar plot of the voltage reflection coefficient, . Let the

reflection coefficient be expressed in magnitude and phase (polar) form as e j .

Then the magnitude is plotted as a radius 1 from the center of the chart, and

the angle 180 180 is measured counterclockwise from the right-hand side of



FIGURE 2.10 The Smith chart.

the horizontal diameter. Any passively realizable 1 reflection coefficient can then

be plotted as a unique point on the Smith chart.

The real utility of the Smith chart, however, lies in the fact that it can be used to

convert from reflection coefficients to normalized impedances (or admittances) and vice

versa by using the impedance (or admittance) circles printed on the chart. When dealing

with impedances on a Smith chart, normalized quantities are generally used, which we

will denote by lowercase letters. The normalization constant is usually the characteristic

impedance of the transmission line. Thus, z Z Z0 represents the normalized version of

the impedance Z .

If a lossless line of characteristic impedance Z0 is terminated with a load impedance

ZL , the reflection coefficient at the load can be written from (2.35) as

zL 1

zL 1
e j 2 53

where zL ZL Z0 is the normalized load impedance. This relation can be solved for zL
in terms of to give [or, from (2.43) with 0]

zL
1 e j

1 e j
2 54



This complex equation can be reduced to two real equations by writing and zL in terms

of their real and imaginary parts, r j i , and zL rL j xL , giving

rL j xL
1 r j i

1 r j i

The real and imaginary parts of this equation can be separated by multiplying the numerator

and denominator by the complex conjugate of the denominator to give

rL
1 2

r
2
i

1 r
2 2

i

(2.55a)

xL
2 i

1 r
2 2

i

(2.55b)

Rearranging (2.55) gives

r
rL

1 rL

2
2
i

1

1 rL

2

(2.56a)

r 1 2
i

1

xL

2 1

xL

2

(2.56b)

which are seen to represent two families of circles in the r , i plane. Resistance circles

are defined by (2.56a) and reactance circles are defined by (2.56b). For example, the rL 1

circle has its center at r 0 5 i 0, and has a radius of 0.5, and so it passes through

the center of the Smith chart. All of the resistance circles of (2.56a) have centers on the

horizontal i 0 axis and pass through the 1 point on the right-hand side of the chart.

The centers of all of the reactance circles of (2.56b) lie on the vertical r 1 line (off the

chart), and these circles also pass through the 1 point. The resistance and reactance

circles are orthogonal.

The Smith chart can also be used to graphically solve the transmission line impedance

equation of (2.44) since this can be written in terms of the generalized reflection coefficient

as

Zin Z0
1 e 2 j

1 e 2 j
2 57

where is the reflection coefficient at the load and is the (positive) length of transmission

line. We then see that (2.57) is of the same form as (2.54), differing only by the phase angles

of the terms. Thus, if we have plotted the reflection coefficient e j at the load, the

normalized input impedance seen looking into a length of transmission line terminated

with zL can be found by rotating the point clockwise by an amount 2 (subtracting 2

from around the center of the chart. The radius stays the same since the magnitude of

does not change with position along the line (assuming a lossless line).

To facilitate such rotations, the Smith chart has scales around its periphery calibrated

in electrical wavelengths, toward and away from the “generator” (which simply means the

direction away from the load). These scales are relative, so only the difference in wave-

lengths between two points on the Smith chart is meaningful. The scales cover a range of

0 to 0.5 wavelength, which reflects the fact that the Smith chart automatically includes the

periodicity of transmission line phenomenon. Thus, a line of length 2 (or any multiple)

requires a rotation of 2 2 around the center of the chart, bringing the point back to

its original position, showing that the input impedance of a load seen through a 2 line is

unchanged.



We will now illustrate the use of the Smith chart for a variety of typical transmission

line problems through examples.

EXAMPLE 2.2 BASIC SMITH CHART OPERATIONS

A load impedance of 40 j70 terminates a 100 transmission line that is

0 3 long. Find the reflection coefficient at the load, the reflection coefficient at

the input to the line, the input impedance, the standing wave ratio on the line, and

the return loss.

Solution

The normalized load impedance is

zL
ZL

Z0

0 4 j0 7

which can be plotted on the Smith chart as shown in Figure 2.11. By using a

drawing compass and the voltage coefficient scale printed below the chart, one can

read off the reflection coefficient magnitude at the load as 0 59 This same

compass setting can then be applied to the standing wave ratio (SWR) scale to

read SWR 3 87 and to the return loss (RL) (in dB) scale to read RL 4 6 dB.

ZL

Z in

FIGURE 2.11 Smith chart for Example 2.2.



Now draw a radial line through the load impedance point and read the angle of

the reflection coefficient at the load from the outer scale of the chart as 104 .

Now draw an SWR circle through the load impedance point. Reading the

reference position of the load on the wavelengths-toward-generator (WTG) scale

gives a value of 0 106 . Moving down the line 0 3 toward the generator brings

us to 0 406 on the WTG scale. Drawing a radial line at this position gives the

normalized input impedance at the intersection with SWR circle of zin 0 365

j0 611. Then the input impedance of the line is

Zin Z0zin 36 5 j61 1

The reflection coefficient at the input still has a magnitude of 0 59; the

phase is read from the radial line at the phase scale as 248 .

The Smith chart can be used for normalized admittance in the same way that it is used for

normalized impedances, and it can be used to convert between impedance and admittance.

The latter technique is based on the fact that, in normalized form, the input impedance of

a load zL connected to a 4 line is, from (2.44),

zin 1 zL

which has the effect of converting a normalized impedance to a normalized admittance.

Since a complete revolution around the Smith chart corresponds to a line length of

2, a 4 transformation is equivalent to a 180 rotation; this is also equivalent to imag-

ing a given impedance (or admittance) point across the center of the chart to obtain the

corresponding admittance (or impedance) point.

Thus, a Smith chart can be used for both impedance and admittance calculations dur-

ing the solution of a given problem. At different stages of the solution, then, the chart may

be either an impedance Smith chart or an admittance Smith chart. This procedure can be

made less confusing by using a Smith chart that has a superposition of the scales for a

regular Smith chart and the scales of a Smith chart that has been rotated by180 , as shown

in Figure 2.12. Such a chart is referred to as an impedance and admittance Smith chart and

usually has different-colored scales for impedance and admittance.

EXAMPLE 2.3 SMITH CHART OPERATIONS USING ADMITTANCES

A load of ZL 100 j50 terminates a 50 line. What are the load admit-

tance and input admittance if the line is 0.15 long?

Solution

The normalized load impedance is zL 2 j1. A standard Smith chart can be

used for this problem by initially considering it as an impedance chart and plotting

zL and the SWR circle. Conversion to admittance can be accomplished with a

4 rotation of zL (easily obtained by drawing a straight line through zL and the

center of the chart to intersect the other side of the SWR circle). The chart can

now be considered as an admittance chart, and the input admittance can be found

by rotating 0 15 from yL .

Alternatively, we can use the combined zy chart of Figure 2.12, where conver-

sion between impedance and admittance is accomplished merely by reading the



0.15
TG

zL (on impedance scales)
yL (on admittance scales)

yL
(on impedance scales)

y

FIGURE 2.12 ZY Smith chart with solution for Example 2.3.

appropriate scales. Plotting zL on the impedance scales and reading the

admittance scales at this same point gives yL 0 40 j0 20. The actual load

admittance is then

YL yLY0
yL

Z0

0 0080 j0 0040 S

Then, on the WTG scale, the load admittance is seen to have a reference position

of 0.214 . Moving 0.15 past this point brings us to 0.364 . A radial line at

this point on the WTG scale intersects the SWR circle at an admittance of y

0 61 j0 66. The actual input admittance is then Y 0 0122 j0 0132 S.

A slotted line is a transmission line configuration (usually a waveguide or coaxial line) that

allows the sampling of the electric field amplitude of a standing wave on a terminated line.

With this device the SWR and the distance of the first voltage minimum from the load can

be measured, and from these data the load impedance can be determined. Note that be-

cause the load impedance is, in general, a complex number (with two degrees of freedom),

two distinct quantities must be measured with the slotted line to uniquely determine this

impedance. A typical waveguide slotted line is shown in Figure 2.13.



FIGURE 2.13 An X -band waveguide slotted line.

Although slotted lines used to be the principal way of measuring an unknown impedance

at microwave frequencies, they have largely been superseded by the modern vector network

analyzer in terms of accuracy, versatility, and convenience. The slotted line is still of some

use, however, in certain applications such as high millimeter wave frequencies or where

it is desired to avoid connector mismatches by connecting the unknown load directly to

the slotted line, thus avoiding the use of imperfect transitions. Another reason for studying

the slotted line is that it provides an unexcelled tool for learning the basic concepts of

standing waves and mismatched transmission lines. We will derive expressions for finding

the unknown load impedance from slotted line measurements and also show how the Smith

chart can be used for the same purpose.

Assume that, for a certain terminated line, we have measured the SWR on the line

and min, the distance from the load to the first voltage minimum on the line. The load

impedance ZL can then be determined as follows. From (2.41) the magnitude of the reflec-

tion coefficient on the line is found from the standing wave ratio as

SWR 1

SWR 1
2 58

From Section 2.3, we know that a voltage minimum occurs when e j 2 1, where

is the phase angle of the reflection coefficient, e j . The phase of the reflection

coefficient is then

2 min 2 59

where min is the distance from the load to the first voltage minimum. Actually, since the

voltage minima repeat every 2, where is the wavelength on the line, any multiple of

2 can be added to min without changing the result in (2.59) because this just amounts

to adding 2 n 2 2 n to , which will not change . Thus, the two quantities SWR

and min can be used to find the complex reflection coefficient at the load. It is then



straightforward to use (2.43) with 0 to find the load impedance from :

ZL Z0
1

1
2 60

The use of the Smith chart in solving this problem is best illustrated by an example.

EXAMPLE 2.4 IMPEDANCE MEASUREMENTWITH A SLOTTED LINE

The following two-step procedure has been carried out with a 50 coaxial slotted

line to determine an unknown load impedance:

1. A short circuit is placed at the load plane, resulting in a standing wave on

the line with infinite SWR and sharply defined voltage minima, as shown in

Figure 2.14a. On the arbitrarily positioned scale on the slotted line, voltage

minima are recorded at

z 0 2 cm 2 2 cm 4 2 cm

2. The short circuit is removed and replaced with the unknown load. The standing

wave ratio is measured as SWR = 1.5, and voltage minima, which are not as

sharply defined as those in step 1, are recorded at

z 0 72 cm 2 72 cm 4 72 cm

as shown in Figure 2.14b. Find the load impedance.

Solution

Knowing that voltage minima repeat every 2, we have from the data of step 1

that 4 0 cm. In addition, because the reflection coefficient and input impedance

also repeat every 2, we can consider the load terminals to be effectively located

at any of the voltage minima locations listed in step 1. Thus, if we say the load

is at 4.2 cm, then the data from step 2 show that the next voltage minimum away

from the load occurs at 2.72 cm, giving min 4 2 2 72 1 48 cm 0 37 .

|V |

|V |

Short
circuit

Unknown
load

Vmax

Vmin

(a)

(b)

0 1 2 3 4 5

0 1 2 3 4 5

FIGURE 2.14 Voltage standing wave patterns for Example 2.4. (a) Standing wave for short-circuit

load. (b) Standing wave for unknown load.



Applying (2.58)–(2.60) to these data gives

1 5 1

1 5 1
0 2

4

4 0
1 48 86 4

so

0 2e j86 4 0 0126 j0 1996

The load impedance is then

ZL 50
1

1
47 3 j19 7

For the Smith chart version of the solution, we begin by drawing the SWR

circle for SWR 1 5, as shown in Figure 2.15; the unknown normalized load

impedance must lie on this circle. The reference that we have is that the load

is 0 37 away from the first voltage minimum. On the Smith chart the position

of a voltage minimum corresponds to the minimum impedance point (minimum

voltage, maximum current), which is the horizontal axis (zero reactance) to the

S
W

R circle

Voltage
max.

Voltage
min.

zL

0
.3

7
 T

L

FIGURE 2.15 Smith chart for Example 2.4.



left of the origin. Thus, we begin at the voltage minimum point and move 0 37

toward the load (counterclockwise), to the normalized load impedance point,

zL 0 95 j0 4, as shown in Figure 2.15. The actual load impedance is then

ZL 47 5 j20 , in close agreement with the above result using equations.

Note that, in principle, voltage maxima locations could be used as well as

voltage minima positions, but voltage minima are more sharply defined than volt-

age maxima and so usually result in greater accuracy.

The quarter-wave transformer is a useful and practical circuit for impedance matching and

also provides a simple transmission line circuit that further illustrates the properties of

standing waves on a mismatched line. Although we will study the design and performance

of quarter-wave matching transformers more extensively in Chapter 5, the main purpose

here is the application of the previously developed transmission line theory to a basic trans-

mission line circuit. We will first approach the problem from the impedance viewpoint and

then show how this result can also be interpreted in terms of an infinite set of multiple

reflections on the matching section.

Figure 2.16 shows a circuit employing a quarter-wave transformer. The load resistance RL
and the feedline characteristic impedance Z0 are both real and assumed to be known. These

two components are connected with a lossless piece of transmission line of (unknown)

characteristic impedance Z1 and length 4. It is desired to match the load to the Z0 line

by using the 4 section of line and so make 0 looking into the 4 matching section.

From (2.44) the input impedance Zin can be found as

Zin Z1
RL j Z1 tan

Z1 j RL tan
2 61

To evaluate this for 2 4 2, we can divide the numerator and denomi-

nator by tan and take the limit as 2 to get

Zin

Z2
1

RL
2 62

In order for 0, we must have Z in Z0, which yields the characteristic impedance Z1

as

Z1 Z0RL 2 63

/4

Z0 Z1

Z in

RL

FIGURE 2.16 The quarter-wave matching transformer.


